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Chapter 1

Tangent Vectors in R" as

Derivations

1.1 The Directional Derivative

FENX 1.1 BATHK R o p kY121 T, (R) MONFTE M p & H S Sk A1

.

WATHEE H eq,...,e, s R" 8¢ T, (R") HIprERE . A v = Zviei St - i bl
v € R. T, (R") [T EBFOATE R 1 p 4B V)16 B T FRoA A i), 3 3R AT 1%
B HE S, O T,R" S1E T, (R").

Wit p=(p',.,p") FEAE R S v = (V) BB

c(t) = (pl —|—tv1,...,p"+tv”)

HitNmaER (), &p+o' o R FER T p WA R C° I H v B1E
p ARIVIIAE, A4 f DT v _EAE p ARRITT R R EUE N

pof ot ) —F)_d

£—0 t Codt|,_

MR E AR,
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RS Dy f BN FENAZAE p AERAE, DN v A p AR . (A

Dyf 5e— MG AR —REL &Alid
;0
Dv = ZV ﬁ ,

RN REL f WU B D, f OB, v T fifkid s, WR L RSGER, BATH
A AR p.

7517 T2 Dy HUIRE v BRI T — Ak Ul A E v R 8 B R e S
IR N T Rttt IR X — ai, 7R85 FORIIPIAS/NTT R, BATTRE 3 A i 7T
ANRE RS H77 FS 2L D,.

1.2 Germs of Functions

P REAE /L p RSB EARSE, BN p R BA M E 7 S8 X iR
BAE C~ BB e LR R, RERREE p FSEAATIA.

EN 1.2 EZEFAER (f,U) KES, Kb u & pl— M, f:U—-R
A C” R BATR (F,U) F0h T (g,V) , MRFE—DEE p L
Wcunv, 1§ f=g fERHIE W B RFL (F,U) BN EFRON f 15 p B
%ﬂ, LA Cy(RY), BEMBBAREN TR, WRME C), RRIrHLE p
ER" ) C” BB IS,

GRBIRE—NEN KRR, FRNERERM SR,

bgerm

EMX 1.3 (Algebra) —ANE UAEE K _ERAREUR—ANE K Efa &2 A
, T TR
U:AXA—A
WHSE u(a,b)=a-b, EENTHH abccAMrek,
(1) () (a-b)-c = a- (b-0)
(2) () (a+b)-c=a-c+b-cMa-(b+c)=a-b+a-c
(3) GFkIME) r(a-b) = (ra)-b=a- (rb)
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ZI0 1.1 S, AR LEBRK LOREE—NTA (ST EAREE
), CRNLE—ANEK LdgaE =N, FHRGREFBLTFRAESMH Bk, —
AREBA ZAPEH . Mgkt A VARG &R A AR, B F RN A &R ES
5, EYfabm A a-b.

ENM 1.4 5 AR A E% U K Ffes, Ba— MRS
P g Bsf
L:A—A

EARFFAREERIE: L(ab) =L(a)L(b) % THiH a,bcA.

B 1.1 &aymisfefobf Oy Lis$htameiast, mAAN—AER LHK

1.3 Derivations at a Point

XTTE R & p oI — MR v, Z AT R S T sEm s sl
[ ) — > Bl S5
D, : C;° — R
BSpSHIT RS 8/8xi\p WA BN, D, /& R -2 I35 2 3840 JEe 2|

Dy (fg) = (Dvf)g(p)+f(p)Dvg

FEM 15—, LA & 54 JE MM LM D € — R EFR N AE
p SHE C) MRFH, M 2, R") Ronft p T SHERES.

ENELEREZ—ANFEGERN, HARNE p 9FRKGF AR p &Y
FEOG—NERABARZ p 89T R
FIHECALE, ATHELE p W7 SFHA 2 p FISE, B DAFAE— LSS
¢:T,(R") — 2,R")
d

_ i
vV — DV—ZVEP

B D, BARE v FRZANER), WU @ 2 1) 2 (] 2 VR A
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SIFE 1.1 WmHE DR Cy MAFH, W4 D(c)=0 X FARMHHEHLL .

HTIATAENIE p MEANSFEERH LT RS, BAIMUER p SFEW
5E SUPE 5 RAIE B IX A4 5] B
HR-Z&M, D(c)=cD(1), Hik, RFEH D) =0, HEAMEHIN

D(1)=D(1-1)=D(1)-1+1-D(1) =2D(1)

PiiL k2 D(1) BPAS. O
EIE 1.1 Lyt o T, R") —» 2,(R"), v—D,= Zv ;xl F2 7] B % ]
g — AN . !

TR B, B Dy =0 % T ve T, (R") L. H4 Dy, B T4 A5
B/ 135

a2l o

_ i J_ is/ _ j

_E.vaxi x-ZvSl-—v
1 p 1

Rk, v=03H o ZHHI. N TIEWEFNM, & D2 p bMSH, %
(f,V) =& Cy A germ HIAREK . WIRTE, LUK v Fi/ds, AT LAME®R V &
—NIPEK, WRIEHARDUNREER, 778 C” ME p BRI KR 2L g; (x) 1815

(P)+Y (¥ —p gz(p):%(p)

% D ST L, JHEEENESIE, D(f(p) =0 D(p)) =0, HAL@T
S A JB 2 AR 5

DF ()= X (D) 8:(p) + X (7'~ ') Das() = X (0) 2L ()

QE%TD:QW$V:QMVWmﬂ.

EANREEY, TAK p &eyimEL p A0 FHFRALK.
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EwEZTBRM T, R~ 2,R") T, T,R") 894 EK e,...,e, B THF
%&éﬁ%é\W&xl‘ Q)0 MALEA, 4%—%71@'%\/:<V1,...,vn>:2viei:’54’}?
p

V= ZV axl

7p (R") 8 ey 2, ii&ff\ﬁn%%mﬁﬁ%, {238 9] % i& &4/ 5

1.4 Vector Fields

EX 1.6 ER I THEU EHEES X R NRE, ©H U A S
p AL T, (RY) AV X, 1T 7,(R) A2 {9/0¥],} . M X,
R AR A

9 .
Xp=3.d(p)o—| ,pEU, d(p) €R
p

B p, BATTUER X =Y d'd/ox, Hr o BAERENAE U LA W
RABFEH o' U L C™ W, Madiin&Esy X U L ).

B112 AZR>—{0} &, 4 p=(xy), 2

—y d X d —y X
X = —+ — = ,
V220X (/52 +y2dy <\/x2+y2 \/x2+y2>
RALI b0 E5. #RBIEY, KANEp LEB—AK p £ HEF K14 &
¥, BHELEHENEESRY =29/dx—yd/dy = (x,—y) HEB A B[] *:

AL U LR ES S C BB A 2K R E R

al

X = Za 8xi
an

FEIAE U B ¢ B ERE KRN C(U) 8.7 (U) . MEYS U LR
IR J7 7 E L

(fX)p =f(p)Xp, U
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770000001 VYNV NNNNN

/0700070000 HF LV VNN NN NN

S 77/ /000 1V VN NYNNN NN\

S/ 0 0 17V N NN NN

S 4 T L VNN NN N N NN

st L UV N N N N N N
[ ) N

SN NN NN N Yy v [ Y B A A S AV Al
NNANANANANANNANNYN DA77
NNANANANANANASYIAv Vv 727777
NNANANANANANANSYSJYv v 1072777777
NANANANNNN WUV 17777777
NNAANANANANNV I 117777777
(a) The vector field X on R? — {0} (b) The vector field (x,—y) on R?

Figure 1.1: R* H({)H &3

B8, MR X =Y dd/ox R-—AC” MEY, i f2CEU LNEE B
4 fX =Y (fd)a/ox' #& C*1E U L&y, Kk, BT ¢ mESHE U L4
&, WX ), AMUER LR FEESE, 1HERR C(U) LRI

EM 1.7 WE R E—NEE R THIHIE, Ia—A () R HRE—AH
T o B T L (B LR B A

U:RxXA—A
WHERRN u(na)=ra, NTHHrseRMabeA,
Q) (EEH) (rs)a=r(sa) ,

(i) (AA7oT) Wik 1 2 R FHIsRE A6, A la=a,
(iii) () (r+s)a=ra+sa,r(a+b) =ra+rb .

dm R R A —, IRA—/R-#ZEWFAR LYmERNE. £XANEL L,
BB EAFFFPOIRERAABRTOIFE, £ T2 AOHRS.

EN 1.8 WARA R RHBL —AMAF AR MEFZ RIS A >
A, BRI R R R TR abe AR reR,
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() f(a+Db)= f(a)+ f(b),
(i) f(ra) =rf(a) .

1.5 Vector Fields as Derivations

MR X Z2—NMER'"PHFTFEU LW mEY, HH FE2U L Cc™ ®E, A

WU T AAE U EE BT X f
(Xf)(p)=Xpf, VpeU
GEX =Y dd/ox , TAIFH
Za axz

B
Xf= Za 8x’

XKW XS, U ER—A C” . Bk, —4 C” m&EY X 74— R -2tk

L 55
c*U)—Cc*U), f—Xf

MR X E—NC°HEY, M fHg
U FFHER" B Ce B, 4 X (fg) i CRFBEN GEAR e iz .

X (fg)=(Xf)g+[Xg
fEf A peU b, [ X, W SEATE Skl
Xp (f8) = (Xpf)g(p)+ f(p)Xpg
ba%E p 7£ U ARk, IXAREL T R B [B] i 55 2
X(fg)=(Xf)g+fXg
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WMER A R—ANE R K ERRE, ARSER D K-ZRIEB DA A,
15
D(ab) = (Da)b+aDb, Na,becA
T A SEBRESEINEMECER T 2B WK, IR — D mEm, 01k
Der (A). I LTk, —AMETFE C L1 U [R5 T DU SRS O (U) 550
Rk, FAT A A

@:X(U)—Der(C”(U)), Xw—(f—Xf)

EAIFE R p LIPS AT LS O B SR —F#, TR U L= E
FTULS 3 C™ (U) B BAHRA: BY, BRI @ 2 a5 2 8] 2[R [ 4.

EE, p AW FHRRRICT B FH. p REFHRMCS B R a9 0At,
TR CT 0 F AN C 5] O # AT,



Chapter 2

The Exterior Algebra of
Multicovectors

2

.1 Dual Space

TE X 2.1 CRf 7= TA])
) 24 A S R 2 2

mRV AW RsEmESE, RIEEMNY 2w
[A]4 Hom(V,W), XV HxHBzi| vV AV LHT

AT AR L M R KK o 1 e P 2 T -

VY =Hom(V,R)

vV R TG E BN covectors or 1-covectors on V.

_—I;a

LEARFT RIS, BATAA V & H IR 4EZ M %A,
ik ol: Vo RELMERE, W

a'(e)) = &;

1 i=j
0 i#]

oo KRR T VY 4,

1 IRYEL =

S[A) VR A

11

8] VY AV A AH [ R 4R
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2.2 Permutations

L S NER {1, k} FIBEHHE.

12

EX 2.2 (FELSHER
o ~ADEBPFOVEER, WRE T S BAREC R AR,
o ~ANEBREROvE AR, WRE R S AT R 1 3R

B o MR 5K sgn(o), EXAH
1 O 1S even
sgn(o) =
—1 o1isodd

EilinpaSr
sgn(ot) =sgn(o)sgn(t), Vo,T €S

521 &MA =T oM

(aray -+ ay) = (a1 a)(a1 ar—1)--- (a1 az) (a1 az)

R r- A RABERY BMRY r 8, RAEHLY ARG r 1540

—E SR E A HACH e R SO R

2.3 Multilinear Functions

EM 2.3 —A k-linear B3 f: VF - R, RIBEEHEANSYE L

f‘(...’av_|_b‘,‘}’...):a]“(...,v’...)_|_bf‘(...,‘,‘;7...)7 Va,bER,V,WEV

F T 2-linear 3% 3-linear, FA )% &3 bilinear 2% trilinear.

—/NV A k-linear BREUHAEFR AN V. R k-tensor, FATHC V LB k-

tensor M4 AL 0N L (V). WHER f e Li(V), TATFR k /& f B degree.
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E X 2.4 (Dot product on R") ey,--- e, AbRUEIEACHE, &L ATN

flvw)=v-w= Zviwi, where v = Zviei,w = Zwiei

l

s e — N XA R

2.2 771X Fvi, o) = det[vy -+ vy 22— n-R MR

EN 2.5 feL (V) Ruii, i

f(VG(1)7°"7vG(k)) :f(vla"'7vk)7 vGeSk

f € L(V) is alternating, #15%

f <v6(1)7 T 7v6(k)> - Sgl’l(G)f(vl, T avk)a Vo € Sk

5] 2.3

B flvyw) =v-w AT,

TN f(vy,--+,vn) = det[vy - - - v is alternating.

R? b9 X v x wis alternating.

STV EAETAAEELE fg: V2R, EMNEL fAg: VXV SRA
(FAg)(u,v) = flu)g(v) — f(v)g(u)
H&AMA fAgis alternating. X5 AV Z A wedge product, ¥ 6 & 2 L.

BAVILHXT v _EFrA ) alternating k-linear functions #4) i 1) 25 [8] A (V) B3R,
BT HEFRA alternating k-tensors, k-covectors, or multicovectors of degree k on V. X
T k=0, F&ATE X 0-covector ZH AL, FrLh Ag(V) RLPEZS (A R.
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2.4 The Permutation Action on Multilinear Functions

TENX 2.6 feL(V), oceS8, Mz

(Gf)(vla"' 7Vk) :f(vG(l)a"' 7V6(k))

f ARG YEBERY of =f N THAY o€y, fisalternating 4= %
of = (sgno)f ¥ TH A o €S

13 2.1 WTo,teS feL(V), N

t(of) = (to)f

SFF vy, ev, H
(0N w) = (@) (ve e vege)
= (Gf) (W1,~--,Wk) letting Wi = Vz(j)
= f Wo(1),---,wo(k))
= f{Vee(1)) " s Ve(o (k)

= [ (Vo)1) 2 V(2o (k)
= (10)f(vi,-m)

FATR] DL g SCE BN T L (V) MITEA.

2.5 The Symmetrizing and Alternating Operators
25 7€ — A k-linear B3 f, FATAT LUCARAL B FREGEL S, a0 R
Sf=Y of

oES,

[EFER), FRATATCLAETS £ 25K alternating BEELAS, WIF
Af =Y (sgno)of

oSk




CHAPTER 2. THE EXTERIOR ALGEBRA OF MULTICOVECTORS 15

913 2.2t f R k-linear ¥, M Af = (k!)f.

HT of = (sgno)f, BANTE

Af=) (senc)of= ) (sgno)(sgno)f = (k!)f

oES oESK

2.6 The Tensor Product

EX 27T fe Li(v), g€Ly(V), WEAMKERZ— (k+/)-linear function
f ® g defined by

(f®g)(v17 7vk+f) :f(vla"' ,Vk)g(vk_|_1,“‘ 7vk—|—€)

19'.] 24 AR (,) =T VA A TR = AR Zg,'jOCi@OCj.
KRBT SRR, H)

(fegeh=fe(g®h)

2.7 The Wedge Product

E X 2.8 Wedge Product or exterior product & X X £ €A (V), g€A V),
A

1
fAg= MA(f@%’)

TE4OH, A
1
(A1, Vi) = I Y. (sgno)f (%(1),'" ,Vo(k)> 8 (Vc(kﬂ),“' 7V6(k+€)>

T OES 1k

B & L& AM4E fAg &£ alternating #9.
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S0 2.0 % k=088HE, BMA feAg(V) HA—MNFH e, AR

FTIASBANE chg=cg M THEEN ceR, geA(V).
2.5 EHwicH
(FAg)(vi,v2,v3) = f(vi,v2)g(v3) — f(vi,v3)g(va) + f(v2,v3)8(v1)

,o s . R - . | .
&3¢ 2.2 EMALRAEZLFRA—T R FH o WA, F5 b, T
HE TC Sk, O € Skqe, A" o

(sgno71) f <vm(1), e ,vm(k)) = (sgno7t)(sgn7)f (vc,(]), e ,vo_(k))
- (Sgl’l G)f (v6(1)7 T 7V6(k))

T g R, TARMNAEAINEA(fRg) PH—AMEAEFH kI A —HE, BT
AR ARIX AN B 35 52 B Bt B AR EH T R b 3L —k.

NS AR ER R TUR I, AEBATETEL fAg XK.

EMX 2.9 BAK 6 € Sppp Z—A (k,0)—shuffle, H1H

o(l)<---<ok) H ok+l)<---<ok+?)

BT ABATT AT LS H -

(fAG) (v, Vigr) = ) (sgno)f (%(1), S ,Vo(k)) 8 (Vc(k+1)7 S 7V6(k—i—£)>
o<(k,l)-shuffles

f512.6 f.gecA(V)=VY, MY, meV, A

(fAg)(viiv2) = F(vi)g(v2) — f(v2)g(v1)

2.8 Anticommutativity of the Wedge Product
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The wedge product is anticommutative: if f € A (V) and g € Ay(V),

then
frg=(=1)"gnf
/%'\ TE Sk+g 7\%%}%
. r - I 41 - l+k
o \k+1 o ke 1k
X YR A
oc(l)=0t({+1),---,0(k) =0t({+k)
G(k+ 1) — 67(1)7“ ) 7G(k+€) - GT(€>
BT ARRAT 1 RniE
A(f@8)(vis- -+ Viye)
= ) (sgn G)f(vo(l)a"' 7Vc7(k)> g (Va(k+1)7"’ avo(k+€))
OESkte
= Z (sgno)f (Vcr(erl)a e 7V6r(€+k)) 8 (ch'(l)a e 7"61(6))
OESk+e
= (sgn 1) Z (sgno7)g (Var(l)a e 7V6r(£)) f (Var(€+l)7"' >ch(€+k)>
OESk1r
= (sgn1)AQ®f) (vi, -+  Vits)
It CARRAT i

A(fog)=(sgnT)A(g® f)
P32 R B ke 45 2]

fAg=(sgnT)gAf=(-1)"gnf

W f & —> multicovector of odd degree on V, M| fA f=0.

i F
FAf=(=DFfAf=—fNF
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2.9 Associativity of the Wedge Product

I3 2.3 feLy(V), geLy(V), WH
cAA(f)®g) =kA(f®g)

c A(f®A(g) =lA(f®g)

(1) e FATH

AA(f)®g)= ) (sen G)G(Z (sgn 7) (Tf)®g>
OESkt1 TESK
FATTLNER] T € S, thg— BT Sy B, AdZEle 7 k+1,-- k+
0, EEXFMATS, 7iFc
(tfl®g=1(f®8)
B AFRAT T

AA(fleg) = ), ) (seno)(sgn1)(o7)(f®g)

OESk+1 TES,

= Y Y (seno)(sent)(o7)(f®g)

TES, 0ESL

= ) ) (seno7)(o7)(f®g)

TES, 0ESk1

= Y ) (sgno)(p)(fog)

TESK PESk+1
= kIA(f®g)

(2) HIUEMT & SRAA. O
feA V), geAV)

heAm(V)’ y\ﬁﬁ
(fAg)Nh=fN(gNh)



CHAPTER 2. THE EXTERIOR ALGEBRA OF MULTICOVECTORS

(fAg) AR = mz‘l((fw)@h)
- (k+z)!m!k!1€!A(A(f®g)®h)
(k+0)!

= et ommant (V@8O

1
= oA ((f@8)®h)

[FEFRERATAT LU
FAEAR) = o (f®iA<g®h>)

- k,;, AlFo (gon)

HT sk EREL G 1, FrelIRATAIIE wedge product A& 45 H 1.

M BT R R BRATT R0 TE

A(f@g®h)

1
FAGNE=

BB, W fe Ag(V), W

1
(@) (d)!

[N A fr= A(fi®-- @ f)

WME oy, o 72V ERZEM

R, T
(Otl AREE OCk) (Vl, e ,vk) = det [OC,'(V]')}
HA 1 HiE
(@ A-eo) (viy-ov) = Al ®- ®ak) (Visoe 5 vi)
= Z (sgn G)HOQ (v6(1)>
oES; i=1

= det [Oti(vj')}
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ZE X 2.10 Analgebra A over a field K is said to be graded if it can be written as a

direct sum A = @Ak of vector space over K such that the multiplication map sends
k=0

A¥ % AY to A¥. The notation A = @Ak means that each nonzero element of A is

k=0
uniquely a finite sum

a=a;+---+a,
where a;, # 0 € A'i. A graded algebra A = @Ak is said to be anticommutative or

k=0
graded commutative if for all a € A*and b € AL,

ab = (—1)*ba

A homomorphism of graded algebras is an algebra homomorphism that preserves

the degree.

4 Multicovectors ) wedge product 73 ik, W A.(V) A —A> anticommu-
tative graded algebra, ##% 7 the exterior algebra 3% the Grassmann algebra of

multicovectors on the vector space V.

2.10 A Basis for k-Covectors

TEM 211 %oy, ,e, RELUER V 45, o - o 2 HIEE,
BINZ EighRid S

I= (i1, i)
e

e = (en,se) H o =al Ak

o A kBHERH FAREAPH kLA (6, e;,) LA ARE.

* Jo R f A alternating, WAHFFH (e, .e,), 1<it<--<ip<nkyfigs
RE, BERMNREZESE AT LRI e
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SR 2.4 %ey, e, REAMERE V I—HEE, o, o REGEEE,
RI=(1<ii<---<ip<n5I=01<j1<-<ji<n) W MKERN k™
B B Z HEiEbR, W

, , 1 I=J

o (eJ)—5J—{

0 I#£J

Fh1 7L 2.6 7T
o (e7) = det[o(e;)] icl,jel

WmRI1=J, W [a'(e;)] REMFRE, FrLATHIRN 1.
MR I14T, AN T NRNEERS i £ j; B8, WH i < j, W 14740 0;
wme i > j, W54 R 0. O

T4 1] alternating k-linear PR3 of #IRL T Ap(V) HI— 415,
HARRATEHENTZEME RN, &%

cal =0, ¢ eR
I ascending multi-indices of length k

S e, £, WA

0= ZC]OCI(CJ) = ZC13]I =cCy
I n

HJ REENE, LT REE. WT feAV), BRITBESGKIER
=Y fle)a
n

V & n L],

dim A(V) = (Z)
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W k> dimV, N dimAg(V) =0.

22



Chapter 3
Differential Forms on R”

3.1 Differential 1-Forms and the Differential of a Func-

tion

EX 3.0 R Ep WAVIZENR, aff TR TR, NI
T, (R") HIAHB 20 (T,R")Y. [HBE, A bIas 77 (R") f—A 76 % 2 02 )
T, (R") Lit—A e Bk i3 &f)

“covector

blinear functional

EN 3.2 AFTFEU EHEAETF SEs 1B E PR 0, BF
U AN p BT AR 0, € T (RY):
w:U — |JT;(R"

peU
p — w,eT;(R")

“covector field

xE, £ TR ®FET, £6T(R) HALZTRN, KA1
peU
o 17 X Ar A 1-95 X

MAEA C° BREL f: U — R, FATTCAMIE—A 102N df . #o8 F 30, W
T X.
23
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EM 33 WTFpeUMX,eT,U), EX

(df), (Xp) = Xpf

BB AL p RIEMGE T @8 T 6 FRE LT — AN B
T,(R") xCy (R") = R, (Xp,f) = (Xp.f) =Xpf
T AR b ) 2 AR A ANBUAT AN SR AR 2
(Xp,+)
B p R8BS (df), RIEABAS F— AR Loy 3
df), =0
B df £ p REELT LB 4 df],.

B!, R R R, S {8/8x1 yp,...,a/axnip} Y1 T, (R)
R — 2,

R xR R _ERIRRUEALRR, FSATE p e R”

{(dﬂ)pru,@uﬂp}

R VIR Ty (RY) 92, 51450 7, (R") B2

{8/8x1 ,~-,8/8xﬂp}
p
XF 4.
i X
i J _ J i __ St
(d’%(ﬁp)ﬁpx =9;
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WH o Z&— 19850, Wi RATAEXN TR— 8 pe U, AT LS 4k
PhdH &
wp =Y ai(p) ('), ai(p) €R
X p iR U K%, SR8 a AN U ERRE T, RAOT25

o = Zaidxi

KRE 0 /U L& C* W, WRITA ZBEE a; 7£ U _LHE C Y.
m%x%ﬁa@L%ﬁ@%@,Mdum@%Rﬁh%L%ﬁ,ﬁM%mTE
SR R — NS R L

ME U —-R&Z
UCR" 8 Cc™ ¥, M

df = Zﬁ?w

, BAVFIEXN T U FHIE— 5 p,
df), =Y ai(p) (dx')

228
g
RE
(U9

i, A
df =Y adx’
AT I ap BAVHE EPLFRNAER T 9/0x/:

df(ﬁ> Zadx’(ax> Y aidi=a;

F—Jr, JATH 5 of
af <8xf> ~ Jx

G LRATH 0= 2L, 1

af), = Laip) (v,

L@ AL RAMN, R fARCTH, U df LA CT Y.
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3.2 Differential k-Forms

EN 34 —AMERKIFTHRU ERREN k BRI TER 0 22—
NREL BW U RS p IS VIEE T, (R") ER— D2 Bfk-Z P
#, B o, € A (T,R").

“alternating

ZFIL31 wFA(LR)=T;(R"), k-FXEZ LM T 15X L
ARG A7 THe, Ap(T,R") 69K 2

dx), = dx) Ao Ndxlk, 1 <ip <~ <ix<n
Hit, £U,0, TWHF— & p R—ANEEEE
wp:Zal(p)dx;, 1<ii<---<ig<n
AR U L) k- K 0 R—ANEKEEES
(x):Zalde

We say that a k -form @ is C* on U if all the coefficients ay are C™ functions on
U.

EN 3.5 4 QNU) Fwm U L C™ AT k-F5 200 B 2 23]

31 AU L&—A0-HBXA U FENE p HB—A A (T,R") =R ¥ T %.
B, £ U E6—A 0 XRRAE-ANEU Loy L, BQ%U)=C"(U).

AR'WFTEERFEAEIERG >n KRB, ZAR AR
degdxl >n

A dX! R EXFEVYHBAAN [-H X dile SMAE, XibdE dx = 0.

EN 3.6 kR o5 1R 1 PSRRI R 7 2R0% e U

(WAT)p =W, Ty, peU
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%Eélé*/]?ia %(D:Zd]dxla T:ijde, ﬁ
1 J

ONT = Z(albj)dxl/\dx]

LJ

BExXANFop R [ Fo ] BEXEARELF, A ddIANdY =0, B,
FEIRERI T F M % FIGARK Ao

oAT= Y (abs)dx' Ndx

1,J disjoint

KR C RN €, Bk, AR — R ey

A QM (U) x QY (U) — O (D)
WMRE A AR FHXEN 0, i k=0, LM

A QO (U)x QF (U) — Q (U)
e C7 -G —A ¢ B FR:
(fre),=rf(p)Nop=f(p)wp
50-thirEBRAMUERERE: B fec”U) B oeQ (U), B4
fANO=fw
51 3.2 Let X,y,z be the coordinates on R3 . The C*1 -forms on R? are
fdx+ gdy + hdz
where f,g,h range over all C* functions on R> . The C™ 2-forms are
fdyAdz+ gdx Adz+ hdx Ady

and the C™ 3-forms are
Fdx AdyAdz
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3.3 Differential Forms as Multilinear Functions on Vector
Fields

MR o 2—1rc 18, X BER"FHEU EH—C” s, RIHEU L
EX— MR o (X)

o(X),=wp(Xp), peU

A8 b5 e IT
o= Zadx X = ZbJ— for some a;,b’ € C* (U)

At )
= (Zaidxl) (Zb1ﬁ> = Za,-b’
XEW o(X) U LR C . FHik, U L#—A C 1BRPEET —M
X(U) 3l Cc™(U) WImksT.
XA R HSBR BRI € (U) BRAER B, W fec™(U), M4 o(fX)=
Fo (X). HTIEX— 4, RLUTEEEA peU it o (fX)

(0(fX)), = op(f(p)Xp) (definition of ® (X))
= f(p)w,(X,) (@, isR-linear)
= (fo(X)), (definition of fw (X))
W .ZU)=Cc”U). £XMiciEd, U LK 1-ER o 72— F(U) -2 tEm
B XU)—.ZU),X—oX). Ui, U LK E-ER o 75E—A k-2
T Z (),
X(U)x--xX(U)—F(U)

-

v
k times

(X1, X ) = o (X5, Xp)

3.4 The Exterior Derivative

NTREXAER W TR U B Ck-BAMSNFEL BATE AL 0B e L E:
—C* R f € C7(U) MANFEWE SUNE MBS df € Q' (U), 3.2 4 H

Z ﬁd’cl
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EX 3T xFh>1, o= add € Q*(U), W4
1

do =Y dayrnd' =Y (Z@dxf> Ndx' € Q1 (U)
1 1 dx/

333 % oRAR> LB 1-HX fdx+gdy, HF fA g2 R> Loy C ik
AT R E, BAE fo=9df/dx, fy=0f/dy, A

do = dfAdx+dgAdy
— (fudx + fydy) Adx + (gedx + gydy) Ady
= (gx— fy)dxAdy

ENX 3.8 LetA= @:: OAk be a graded algebra over a field K . An antiderivation
of the graded algebra A is a K -linear map D : A — A such that for a € Afandb e Ag,

D (ab) = (Da)b+ (—1)*aDb

*
o AN d: QF(U) — QF(U) ZM#CN 1 1 antiderivation:
d(wAT)=(do) AT+ (—1)*E?pAdT
« d*=0
« Xf feCceU), XeXU), N
(df)(X) =Xf

(D) IR FERE o = fdd 1 7= gd’ LR
(fgdxl/\de)
Z fg O q Adx! Ady!

_ i ag i J
= Zﬁ dx/\dxj/\dx]—l—Zfﬁdx Adx! Adx

d(oA7)
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FESE AR, ¥ 1T (9g/0x) dxt Bt k TE38 dn! SARAR IR A He b 7 A 7
2 (—1F, ik,

d(oAT) = Z—dx’/\dx’/\gdxj+ kadx’/\—dx’/\dx’
= doAt+ (1) ordr

(2) TR d 1 R 2RI, UL o =0 % F o= fd L. AT

R ,
d* (fdx') —d<z dx’/\dx’) Zaijgxdxf/\dx’/\dxl

FEXAKAIN, B i=j, WaddNdd=0; B i), B d>f/ox'ox/
PR ERSRIG, AH dx/ Adx' (E i F1 j FRATEE), FrCATRE i £ j IS B
IR FEA LA, HOIEEE.

(3) BRESNFERE S, BRI T o7. O

i 3.3 () =AM ME— b T EFFER U B R [AMEA).
W2 v, ﬁn%D.Q*( ) = Q*(U) &

) —Brr s

(i) D* =

(i) (Df)(X)=Xf T feC™(U)MX cXU) T
MxD=d.

HT U EREA k- BRERW fdx A Ada IXPERIIR R, @I 2tk
MR, FATH LR D = d X AR k- BT
M i) AT%0, Df =df £ C° RB BT, Kk, W% (i), Ddx' =DDx' =0
FROL. BT kK I EREYN, FEAEH D R S ECE S, v CUUEBRXS TR R B kAR
RN kK2R,

D(dx') =D (dx" A---Adx™) =0
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wJa, STFRA k- fdd,

D(fd') = (Df)Adx' + fD (dx')
(df) Adx'
= d(fdx')

Kltk, D=dfE Q" (U) Lakar. O

3.5 Closed Forms and Exact Forms

EX 3.9
o Nk 0 fEU FRAN, WHE do=0.

o MRFE N (k—1)-B 517 0 =dr, MK o ZEZHK.

B F d(dt) =d’t =0, FFAEAS S XARR A X

15l 3.4 (/£ punctured 1 BRI 1-/250) £R*P - {0} L2 L—A 1-H X o:

_ xdy —ydx
a x2+y2
W) e & —ANH S K
2 2 2 2
y =X y —x
do=-2— " dxAdy+-—2—— _dyAdx=0
) D Pl ol

]

A collection of vector spaces {Vk}k . with linear maps dj, : vk — v¥1 such that
dyi1odr =0 1s called a differential complex or a cochain complex. For any open subset
U of R", the exterior derivative d makes the vector space Q* (U) of C* forms on U into a

cochain complex, called the de Rham complex of U :
0-Q°U) 4 Q' (U) 4 Q2 (U)— -

The closed forms are precisely the elements of the kernel of d , and the exact forms

are the elements of the image of d .
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3.6 Applications to Vector Calculus

By a vector-valued function on an open subset U of R, we mean a function F = (P,Q,R) :
U —R? . Such a function assigns to each point p € U a vector F), € R ~ T, (R3 > . Hence,
a vector-valued function on U is precisely a vector field on U . Recall the three operators

gradient, curl, and divergenceﬂ on scalar- and vector-valued functions on U :

d .
{scalar func.} == {vector func.} LN {vector func.} dv, {scalar func.}

d/dx Jx
gradf=|d/dy | f=]| f
8/8Z fz
P d/dx P Ry—0;
curl | Q | =|3d/dy | x| Q| =| —(R:—P,)
R d/0z R Ox—Fy
P d/dx P
div|Q|=|(d/dy |-| Q| =P+0O+R;
R d/0dz R

Since every 1-form on U is a linear combination with function coefficients of dx , dy

, and dz , we can identify 1-forms with vector fields on U via

P
Pdx+Qdy+Rdz <+ | Q
R

Similarly,2-forms on U can also be identified with vector fields on U :

P
Pdy/Ndz+ QdzNdx+RdxNdy < | Q
R

and 3-forms on U can be identified with functions on U':

fdxNdyANdz <+ f

VBRRE, s SRR
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In terms of these identifications, the exterior derivative of a 0 -form f is

df/ox
df = —fd —i—a—fd —l—a—];du—) df/dy | = gradf
df/ox

the exterior derivative of a 1-form is
d (Pdx+ Qdy + Rdz) = (Ry — Q;)dy Adz — (Ry — P.) dz Adx+ (Qx — P,) dx A dy

which corresponds to

P Ry, — 0,
curl | Q9 | = | —(Ry—P,)
R Qx _Py

the exterior derivative of a 2-form 1is
d (Pdy Ndz+ QdzNdx+RdxNdy) = (Pc+ Qy+R;)dx Ndy Ndz

which corresponds to
P

div| Q | =P +0y+R;
R
Thus, after appropriate identifications, the exterior derivatives d on O-forms,1- forms,
and 2-forms are simply the three operators grad, curl, and div. In summary, on an open

subset U of R3 , there are identifications

12
12

q
8
=
Bad
<
Ba
<

grad —a € (U)

Under these identifications, a vector field (P,Q,R) on R? is the gradient of a C*
function f if and only if the corresponding 1 -form Pdx+ Qdy+ Rdzis df .
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0
e curl(gradf)= | 0
0
P
e div|curl | O =0.
R

« OnRR?, a vector field F is the gradient of some scalar function f if and only if
curlF =0.

il A FI B R TAMFHAE R M4 LRI @ =0 ¢ X L8R WS
B C RIET R L 1- %iﬁmﬁﬁﬁ%ﬁ’]éﬂﬁéﬁ%lﬂﬁ’]
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